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Abstract 
Unsteady natural convection inside a triangular cavity subject to a non-instantaneous 
heating on the inclined walls in the form of an imposed temperature which increases 
linearly up to a prescribed steady value over a prescribed time is reported. The 
development of the flow from start-up to a steady-state has been described based on 
scaling analyses and direct numerical simulations. The ramp temperature has been chosen 
in such a way that the boundary layer is reached a quasi-steady mode before the growth 
of the temperature is completed. In this mode the thermal boundary layer at first grows in 
thickness, then contracts with increasing time. However, if the imposed wall temperature 
growth period is sufficiently short, the boundary layer develops differently. It is seen that 
the shape of many houses are isosceles triangular cross-section. The heat transfer process 
through the roof of the attic-shaped space should be well understood. Because, in the 
building energy, one of the most important objectives for design and construction of 
houses is to provide thermal comfort for occupants. Moreover, in the present energy-
conscious society it is also a requirement for houses to be energy efficient, i.e. the energy 
consumption for heating or air-conditioning houses must be minimized.   
KEYWORDS: Natural convection; Ramp heating; Boundary layer; Unsteady flow; 
Scaling; Heating up time; Triangular cavity. 
 
Nomenclature 
A Slope of the inclined wall  Greek symbols 
g  Acceleration due to gravity  
h Dimensional height of the cavity  thermal expansion coefficient 
L Dimensional length of the cavity T temperature difference between hot 
surface and the ambient 
l Dimensional half length of the 
bottom surface 
T Dimensional thickness of the 
thermal boundary layer 
Nu Nusselt number T0 Dimensional quasi-steady thickness 
of the thermal boundary layer 
Nu0 Nusselt number at quasi-steady 
time 
i0 Dimensional distance from the wall 
to the maximum velocity at quasi-
steady time  
Nuh Nusselt number when ramp is 
finished 
v0 Dimensional thickness of the 
viscous boundary layer at the quasi-
steady time 
Nuins Instantaneous Nusselt number Tp Dimensional thickness of the 
thermal boundary layer when the 
ramp is finished 
Nuinsh Instantaneous Nusselt number 
when ramp is finished 
i Dimensional distance from the wall 
to the maximum velocity  
p Non-dimensional pressure v Dimensional thickness of the 
viscous boundary layer 
P Dimensional pressure T Non-dimensional thermal layer 
thickness 
Pr Prandtl number v Non-dimensional viscous layer 
thickness 
Ra Rayleigh number i Non-dimensional distance from the 
wall to the maximum velocity 
T Dimensional fluid temperature T0 Non-dimensional quasi-steady 
thermal boundary layer thickness 
T0 Dimensional initial temperature  i0 Non-dimensional distance from the 
wall to the maximum velocity at 
quasi-steady time 
Tw Dimensional temperature on the 
wall 
v0 Non-dimensional viscous boundary 
layer thickness at quasi-steady time 
t Dimensional time Tp Non-dimensional thermal layer 
thickness when ramp is finished 
tp Dimensional ramp time ip Non-dimensional distance from the 
wall to the maximum velocity when 
ramp is finished 
t0 Dimensional quasi-steady time vp Non-dimensional viscous boundary 
layer thickness when ramp is 
finished 
tf Dimensional heating up time 
when tp >t0 
 thermal diffusivity 
t'f Dimensional heating up time 
when tp <t0 
 Density 
U0 Dimensional quasi-steady velocity 
scale 
 kinematic viscosity 
Ump Dimensional velocity scale when 
the ramp is finished 
 Non-dimensional temperature 
Um Dimensional maximum velocity  Angle 
ump Non-dimensional velocity scale 
when ramp is finished 
 Non-dimensional time 
um Non-dimensional maximum 
velocity 
0 Non-dimensional quasi-steady time 
u0 Non-dimensional velocity scale at 
quasi-steady time 
p Non-dimensional ramp time 
U, V Dimensional velocity components f Non-dimensional heating up time 
when p >0 
u,v Non-dimensional velocity 
components 
'f Non-dimensional heating up time 
when p <0 
X, Y Dimensional coordinates   
x,y Non-dimensional coordinates    
 
1. Introduction 
 Natural convection in the triangular cavity has recently been attracted by many 
researchers because of its direct engineering applications. The channels of structures, the 
panels of electronic apparatus and conductors in the electrical-engineering industry often 
have the form of a prism of triangular cross section. The main application of this type of 
geometry is the heat transfer through the roof of the attic-shaped houses which is directly 
relevant to our daily life. In the day time it can be assumed that the temperature in the 
environment increases linearly from the morning and becomes constant for certain time 
in the midday. Therefore, the steady state solution is not appropriate to model heat 
transfer and fluid flow in the attic space. An excellent review of natural convection in 
attic-shaped spaces can be found in [1]. Previous studies of this geometry have been 
investigated by both numerically and experimentally. Most of the earlier studies have 
been performed based on two thermal forcing conditions; (a) day time heating conditions 
[2-5] and (b) night time cooling conditions [6-11]. A diurnal temperature effect on the 
slopping walls of the attic space has been performed by Saha et al [12]. Moreover, natural 
convection of different shape of roof has also been investigated by Varol [13]. Most of 
the earlier works have been dealt for Pr < 1 and the dependency of Prandlt number was 
not clearly reported. The focus of this study is to establish scaling relations of the 
governing parameters for an isosceles triangular enclosure with symmetric temperature 
boundary conditions on the slopping walls and adiabatic bottom wall for Pr >1. The new 
scaling handles the dependency of Pr on the fluid flow and heat transfer very well.    
 It is found in the literature that for the heating case the flow is symmetric along 
the geometric mid plane for higher Rayleigh number [2-5]. However, asymmetric flow 
can be seen when the Rayleigh number exceed some critical value [8-9]. Considering the 
day time heating environment, Akinsete and Coleman [3] solved for the steady-state 
stream function, vorticity, and energy equations with an adiabatic vertical wall in a right 
triangular enclosure, and made the claim that the problem could also represent the case 
for an isosceles triangular enclosure due to symmetry. Poulikakos and Bejan [6] used a 
similar numerical approach for night time cooling case, except that the transient 
simulations were performed and an actual symmetry condition was used at the midplane 
for Ra up to 7.2×10
4
 and A = 0.2 to 1.0. The use of the symmetry condition for this 
problem was continued also by Salmun [7]. 
 Later, Holtzmann et al [8] and Ridoune and Campo [9] commented in their papers 
of cooling case that symmetric solutions are obtained for low Ra, representing that a 
symmetry assumption is valid in agreement with the previous studies where a single cell 
solutions were found. However, a pitchfork bifurcation is observed in which two steady 
asymptotic mirror image solutions can be found when the Rayleigh number was 
increased. They also observed that only asymmetric solutions were stable beyond a 
critical Rayleigh number, if a finite perturbation was applied. Holtzmann et al [8] 
conducted a flow visualization study to confirm the numerical predictions of the flow 
patterns and the existence of a symmetry-breaking bifurcation. The flow patterns were 
observed by slowly injecting smoke into the cavity.  
 In addition to the numerical simulations and the experimental investigation, 
mathematical analysis of the transient flow inside the attic space has also been performed 
recently by several researchers. At first Poulikakos and Bejan [5] reported the scaling 
analysis for the case of night time boundary condition with the assumption that the flow 
is symmetric about the center plane. The authors also assume that the aspect ratio is very 
small (A0) and the working fluid is water. Recently, scaling analysis for sudden and 
ramp heating/cooling cases of attic space has been performed by Saha et al. [5,11]. The 
scaling relations derived under the inclined semi infinite flat plate [14-16] have been 
applied directly to the attic space case. However, important time scales for heating up and 
cooling down of the entire domain have been achieved. All scales have been verified by 
numerical simulations. Scaling analyses coupled with numerical simulations have also 
been used in a variety of other geometries and thermal forcing. Lin et al. [17-18] and Lin 
and Armfield [19-20] investigated the transient processes of natural convection in the 
cavities for Pr < 1. Lei and Patterson [21-22] presented a scaling analysis for the 
reservoir sidearm and established relevant scales to quantify the flow properties in each 
flow regime. To show the correct effect of Prandtl number a modified scaling has been 
derived recently [23-27]. The existing scalings perform very well with Rayleigh number 
and, aspect ratio effect, however, it could not handle the Prandtl number effect properly. 
The modified scalings now perfectly show the dependency of all governing parameters 
on the fluid flow and the heat transfer.  
 In this study, a new scaling for the development of the boundary layers adjacent 
to the inclined walls of the triangular cavity is developed. The imposed temperature 
condition on the slopping wall follows a ramp function where initially the temperature 
increases linearly with time over a specific period of time (ramp time) and then remain 
constant. The Prandtl number in this study is chosen greater than unity. A more detailed 
balances of the important terms of the NS and energy equations are examined. The 
scaling laws for velocity, thermal and viscous layer thickness, heat transfer rate as a form 
of Nusselt number for different stages of boundary layer development and the heating up 
time scale of the entire cavity have been achieved. The time scale, when the flow 
becomes quasi-steady has also been established. A series of numerical simulations has 
been performed for different flow parameters, Rayleigh number (Ra), Prandtl number 
(Pr) and aspect ratio of the enclosure (A). 
 
 
2. Problem formulation  
Physical model is defined in Figure 1 with dimensions and boundary conditions. 
The height of the cavity is h and horizontal length is 2l. A fixed higher temperature, Th 
has been imposed on both inclined walls, as shown in Figure 1. The fluid is initially at 
rest and at a uniform temperature T0 (T0 < Th). The bottom surface is kept adiabatic and 
all boundaries are nonslip. It is also assumed that the flow is laminar. In order to avoid 
the singularities at the tips in the numerical simulation, the tips are cut off by 5% and at 
the cutting points (refer to Figure 1) rigid non-slip and adiabatic vertical walls are 
assumed. We anticipate that this modification of the geometry will not alter the overall 
flow development significantly. 
 The development of the flow under the inclined walls of the cavity is governed by 
the following two-dimensional Navier–Stokes and energy equation with the Boussinesq 
approximation: 
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where U and V are the X-direction and Y-direction velocity components, t the time, P the 
pressure, g the acceleration due to gravity,  the angle of the inclination of the slopping 
wall, T the temperature and ,  and  are the thermal expansion coefficient, kinematic 
viscosity and thermal diffusivity of the fluid at T0. All fluid properties are evaluated at the 
temperature T0. 
 Initially the fluid is motionless and isothermal at temperature T0. The temperature 
condition on the tilted wall is maintained a ramp function where initially the temperature 
is T0 and then increases linearly to the final value T0 + T at time tp, where tp is the time 
duration of ramp heating. The ambient temperature is kept as T0. Thus 
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 It is found from the numerical simulations that the flow considered here is 
dominated by two distinct stages of development, i.e. a boundary-layer development 
stage and a heating-up stage. The typical flow development is illustrated in Figure 2, 
where numerically simulated temperature contours of the cavity are shown for the two 
stages for the specific case of Ra = 10
8
, A = 1 and Pr = 0.1, where Ra, Pr, and A are 
defined as follows: 
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 3Thg
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 In this case the boundary-layer development is seen in the temperature contours 
adjacent to both hot inclined wall; the boundary-layer development is complete by around 
τ =10, where τ is the time made dimensionless by h2/ [Ra1/2]. The heated fluid ejected by 
the boundary layer acts to fill and stratify the domain. The temperature is recorded on the 
mid-point of the bottom surface. Initially the temperature on this point is T0. As soon as 
the hot fluid from the top reaches bottom, the temperature on the point starts to rise. This 
response for different flow parameters is different. In the following section, scaling 
relations will be developed for the relevant parameters characterizing the flow behaviour 
at these respective stages of flow development. 
 
4. Scaling Analysis 
 As soon as the ramp temperature boundary condition is applied on the tilted walls 
of the cavity, the temperature starts to increase linearly initially which triggers the 
transient natural convection phenomenon. As a consequence, a thermal boundary layer is 
developed under the inclined walls of the triangular enclosure. The scaling relations 
derived here is the modification of the scaling developed by Saha et al. [5]. In the 
previous scaling the dependency of Pr on heat and fluid flow could not handle properly. 
However, the effects of other parameters e.g. Rayleigh number, aspect ratio at the 
boundary layer development stage as well as the heating up stage were appropriate. To 
show the effect of the Prandtl number accurately it is necessary to examine the structure 
of the boundary layer in more detail. The parameters characterizing the boundary layer 
development are predominantly the thermal boundary-layer thickness T, the maximum 
velocity parallel to the wall, um within the boundary layer, the time, ts for the boundary 
layer to reach steady state, the Nusselt number along the inclined walls and heating up 
time, tf at the heating up stage.  
 4.1 Boundary layer development stage 
The energy equation (3) indicates that since the fluid is initially quiescent the 
heating effect of the wall will first diffuse into the fluid layer through pure conduction, 
resulting in a thermal boundary layer of thickness T. Within the boundary layer, the 
dominant balance is between the unsteady and diffusion terms in the energy equation (3), 
which gives,  
2/12/1~ tT   (7) 
This scaling is valid until the convection term becomes important. 
The unsteady inertia term, viscous term and the advection term of the x 
momentum equation (2) is O(Um/t), O(Um/T
2
) and O(Um
2
/L) respectively and the 
resulting buoyancy term is (gsinTt/tp), so long as t < tp. This buoyancy accelerates the 
heated fluid over the thickness T only. Over that scale, the ratio of the inertial and 
viscous terms in the x momentum equation is O(Umt/L). For sufficiently small time, this 
ratio is much smaller. Therefore the advection term is not significant at this stage. In 
addition, the ratio of the unsteady to viscous term is (Um/t)/(Um/T
2
)  T
2
/( t) ~ 1/Pr, 
where Pr = /. For Pr >> 1, the unsteady term is much smaller than the viscous term 
and the correct balance is between the viscosity and the buoyancy; that is,  
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In both regions I and II in Figure 3, the initial balance in the vertical momentum equation 
is between the buoyancy and viscous terms, so long as the scale (7) holds. 
 The peak velocity Um occurs within the thermal boundary layer T at a distance i 
from the wall. Also, there will be a region of flow outside T where the flow is not 
directly forced by buoyancy, but is instead the result of diffusion of momentum via 
viscosity. This occurs up to a distance v from the wall. 
 In regions I and II, the balance is between viscosity and buoyancy. However, in 
region III the balance is between viscosity and inertia, since there is no buoyancy there. 
In region I, the balance (8) gives:  
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 In region II, the forcing is over distance (T - i), but the gradient of the velocity 
is over (v - i). Therefore, a suitable scaling analysis would be to integrate relation (8) 
over region II: 
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Matching this with eqn (10) obtained above for Um gives 
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 In the region III, as there is no buoyancy force, the flow is driven solely by 
diffusion of momentum, meaning that the unsteady term balances the viscous term which 
gives, 
Tv 
2/1Pr~  (18) 
which is the scaling of v at the start-up stage. Hence scaling (17) becomes.. 
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So scaling  (10), Um becomes 
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which is the scaling for Um at the start-up stage. The flow in the period that the initial 
thermal balance is between conduction and unsteady temperature growth is then 
described by the length scales (7) and (18), and the velocity scale (22). The temperature 
is described by the scale O(Tt/tp), so long as t < tp. 
 
Quasi-steady mode: 
The boundary layer flow is also convecting heat away, and the boundary layer 
growth will change character when the convection balances conduction, that is, at time t0 
when  
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Applying (22), the relation (24) becomes 
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which implies 
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where 
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which gives the following scaling for the time when the boundary layer enters into the 
quasi-steady mode 
    3/22/1
3/2
3/12
3/23/1
3/13/4
0 Pr1
1
~ 

A
A
Ra
th
t
p

 (28) 
The corresponding scaling for the maximum velocity at t0 from equation (22) 
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and the scaling for the thermal boundary layer thickness at the same time from equation 
(7) is 
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The scaling for the thickness of the viscous layer from the wall to the position where the 
velocity is maximum at time t0 from (19) is 
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The whole viscous boundary layer thickness at the same time from equation (18) is 
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 However, if tp > t0 then the boundary layer will reach a quasi-steady state mode at 
t0 before the ramp is finished and for t0 < t < tp, the boundary layer will continue to 
develop, governed by a balance between convection and conduction. Thus, for t0 < t < tp,  
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where now T is no longer governed by (7). This gives 
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The same balances between buoyancy and viscosity still apply in regions I and II, so that 
(17) applies. Further, since the boundary layer is in a quasi-steady mode, the balance in 
region III is between advection and diffusion of momentum, so that 
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and again i ~ T /(1+Pr
 -1/2
). 
Using this result the velocity given by the balance in region I is 
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Together with (34) a T scale may be obtained as  
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and the corresponding scale of Um. 
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 Corresponding scales for the viscous boundary layer thickness v and the position 
of the velocity maximum, i are readily obtained. It is seen from (37) and (38) that, in 
this quasi-steady stage of the boundary layer development, the velocity increases, but the 
boundary layer thickness decreases with time. At t ~ tp, the boundary layer becomes 
completely steady state, with thickness Tp and velocity Ump, given by 
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 It can be summarised of the above discussions in the following way: if the 
boundary layer reaches to the quasi-steady mode before the ramp is finished then the 
development of the boundary layer follows (7) which accelerates according to (22) until 
time t0; it then interestingly contracts but accelerates further in a quasi steady mode until 
tp, following (37) and (38). When the ramp is finished the flow becomes completely 
steady and is described by (39) and (40). However, if the steady state time is longer than 
the ramp time the boundary layer follows (7) and (22) until the end of the ramp. At tp, the 
flow and temperature fields are the same as for an instantaneous start up at the 
corresponding time, and the further development beyond tp is identical to that for an 
instantaneous start up. 
 
4.2 Heat transfer scaling 
Since initially the temperature on the inclined wall changes with time, the 
temperature difference between the wall and the interior is also changing with time up to 
the time when the ramp is finished. Therefore, after the ramp is finished, the temperature 
difference becomes constant (maximum). We may consider the maximum temperature 
difference or the transient temperature difference in the Nusselt number definition. 
Firstly, if we consider the temperature difference which increase linearly up to the time 
when the ramp is finished then the local Nusselt number on the inclined surface during 
the boundary-layer development stage is 
 
2/12/1
~
/
/~
t
h
h
ttT
y
T
Nu
p







 








 (41) 
Using (28), the average Nusselt number at the time when the flow enters into the quasi-
steady mode ( at t0) for the whole boundary layer is given by 
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After the quasi-steady state time (t0 < t < tp), the boundary layer does not grow as 
1/2
t
1/2
. 
It grows according to the scale (37). Therefore, the Nusselt number at the quasi-steady 
mode is 
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However, if we consider the maximum temperature difference then the local 
Nusselt number on the inclined surface during the boundary-layer development stage is 
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At the quasi-steady state time predicted by (28), the local average Nusselt number is  
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Similarly to (43), we may derive the Nusselt number at the quasi-steady state mode as 
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4.3 Heating up scale of the entire cavity 
Similarly to the sudden heating case, once the boundary layer is fully developed 
by the ramp heating on the sloping boundary, the fluid in the enclosure is gradually 
stratified by the hot fluid ejected from the boundary layer, starting from the top of the 
cavity, and this heating up stage continues until the whole body of fluid has the same 
temperature as that imposed on the incline walls of the attic space. The appropriate 
parameters characterizing this heating up stage are the time, tf for the fluid to be fully 
heated up and the average Nusselt number on the heating wall. 
Let us consider an arbitrary moment t during the heating up stage. At that 
moment, the fluid inside the enclosure is assumed to consist of two layers with the 
location x = xi as the interface. The bottom layer is at the original temperature, Tc, 
whereas the top layer is at the wall temperature Th.  
The total volume of the enclosure MNO is (see Figure 4)  
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At the quasi-steady state time the volume filled by the hot fluid is  
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which gives 
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The ratio of the above two volumes, (38) and (40) is 
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The maximum ratio of the volume filled with hot fluid at the transient stage  to the 
total volume of the cavity is less than 0.08 for the ranges of Ra, A and other parameters 
considered here. Therefore, the quasi-steady time can be ignored for the calculation of the 
filling box time. 
Suppose the ramp is finished when the interface is at x = x1 measured from A, for 
the case when the ramp time is longer than the quasi-steady time (tp > t0). Let us calculate 
the volume of the hot portion filled by the time t = tp. The volume of the heated portion is  
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The flux at the time t = tp is  
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Mass conservation then requires 
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Therefore, the volume, Vp is filled up with hot fluid by the time t = tp. The rest of 
the volume will be filled up after the ramp is finished. The remaining volume after ramp 
is finished is  
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Again from the mass conservation law we have 
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Applying (39) and (40) we have, 
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Recognizing that for t = tf, xi = 0, therefore,  
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where L = (h/A)(1+A
2
)
1/2
 
However, if the enclosure is heated up before the ramp is finished then  
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Applying (29) and (30) we have, 
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And the heating-up time is then given by 
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In the following sections, the above scaling relations are validated against the 
numerical simulation. Two-dimensional numerical simulations have been carried out in 
this study. For this purpose, an isosceles triangular domain is considered, and a Cartesian 
coordinate system is adopted, which is shown in Figure 1.    
 
5. Normalization of the governing equations and the scaling: 
 To verify the various scales, numerical solution of the full Navier-stokes 
equations and energy equation are obtained for a range of Ra, Pr and A values, and the 
results, scaled by non dimensionalised forms of the various scale values above, are shown 
to approximately collapse onto a single line. The normalised form of the governing 
equations are 
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where x, y, u, v, , p and  are, respectively, the normalised forms of X, Y, U, V, T, P and 
t, which are made normalised by the following set of expressions, i.e., 
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where U0 = Ra
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. The origin of the coordinate system located at the bottom of the left 
inclined wall of the cavity as it is seen in Figure 1. The ramp temperature boundary 
condition on the slopping wall as the non-dimensional form as 
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 The scaling relations those obtained above are made dimensionless as follows: 
At the early stage (t < t0) 
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At the quasi-steady state (t ~ t0) 
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At the quasi-steady mode (t0 < t < tp) 
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 At the steady state stage (t ≥ tp) 
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where all of the variables are non dimensional, and the scales now depend only on Ra, 
Pr, A,  and p. 
 
6. Numerical procedure 
 The SIMPLE scheme has been employed to solve equations (1) - (4) along with 
the initial and boundary conditions. The Finite Volume scheme has been chosen to 
discretize the governing equations, with the QUICK scheme (see [28]) approximating the 
advection term. The diffusion terms are discretized using central-differencing with 
second order accurate. A second order implicit time-marching scheme has also been used 
for the unsteady term. Briefly, the domain has been divided into discrete control volumes 
using a computational grid to apply the control-volume-based technique. Then integrate 
the governing equations on the individual control volumes to construct algebraic 
equations for the discrete dependent variables such as velocities, pressure and 
temperature. Finally linearize the discretized equations and solution of the resultant linear 
equation system to yield updated values of the dependent variables. The momentum and 
continuity equations are solved sequentially, in which the continuity equation appears as 
an equation of pressure correction although pressure does not appear explicitly in the 
continuity equation for incompressible flows (i.e. the SIMPLE method). 
 Detailed numerical scheme and the grid and time step dependence test has been 
discussed in [27].  
 
7. Results and discussions 
In Table 1, Runs 1-5 with Pr = 5, 10, 20, 50 and 100 while keeping A = 0.5 and 
Ra = 10
7
 unchanged have been carried out to show the dependence of the scaling 
relations on the Prandtl number, Pr; Runs 6-9 and 2 with Ra = 10
6
, 5×10
6
, 5×10
7
, 10
8
, 
and 10
7
 respectively while keeping Pr = 10 and A = 0.5 unchanged have been carried out 
to show the dependence on the Rayleigh number, Ra.  Runs 10-11 and 2 with A = 1.0, 0.2 
and 0.5 respectively while keeping Pr = 10 and Ra = 10
7
 unchanged have been carried 
out to show the dependence of the aspect ratio of the cavity. 
 Figures 5 and 6 give the time history of the Nusselt number calculated on the left 
inclined wall of the cavity. The Nusselt number has been calculated in two different 
ways; one with reference to the temperature difference which increase linearly up to the 
time when ramp is finished (see eqn 41) and the other with reference to the maximum 
temperature difference (see eqn 44). Figure 5(a) shows the raw data of the time series of 
the Nusselt number which has been calculated using the instantaneous temperature 
difference for different Rayleigh numbers, Prandtl numbers and aspect ratios. It is found 
that the Nusselt number depends strongly on Ra, Pr and A. Initially the Nusselt number is 
very high ( ) as the Nusselt number is a function of t -1/2 (see eqn 41).  In Figure 5(b), 
the time has been scaled by (1+A
2
)
1/3
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-1/2
)
2/3p
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 given by (68a) and Nusselt 
number has been scaled by Ra
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] given by (68f). It is clear 
that all lines collapse together until the ramp is finished which validates the quasi-steady 
time (68a) and Nusselt number (68f) scales. 
 In Figure 6, the Nusselt number has been calculated using the maximum 
temperature difference. Raw data of the time series of the Nusselt number is plotted in 
Figure 6(a). It is seen that initially the Nusselt number zero as it is a function of t
1/2
. In 
Figure 6(b), the time has been scaled as in Figure 5(b) and the Nusselt number by 
(1+A
2
)
1/6
(1+Pr
-1/2
)
1/3
Ra
1/4
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5/6
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] given by (68g). Again all lines lie together until the 
ramp is finished, which confirms the scaling relation (68a) and (68g). 
 To verify the heating-up time scale, the temperature has been recorded at the 
middle point of the bottom surface and plotted in Figure 7. Raw data of the time series of 
the temperature for different Rayleigh numbers, Prandtl numbers and aspect ratios has 
been shown in Figure 7(a). It is anticipated that initially there is no response of the 
temperature at the middle point of the bottom surface. As soon as the hot fluid arrives 
from the top and reaches the bottom, the temperature starts to increase. However, this 
response time is different for different values of Ra, Pr and A. In Figure 7(b), the time is 
normalized with respect to the heating-up time (70g) and the temperature has been 
normalized by the maximum temperature difference. We see that the temperature starts to 
rise at the same time for different flow parameters. This confirms that the heating-up time 
scale (70g) is accurate.    
 
Conclusions 
 Natural convection boundary layer adjacent to the inclined walls of a triangular 
cavity is studied by scaling analysis by imposing a ramp heating boundary condition on 
the slopping walls. Those scalings are then verified by numerical simulations for various 
parameters considered here. The verification of the scaling relations includes thermal and 
viscous boundary-layer developments as well as the heat transfer rate predictions. The 
flow development adjacent to the inclined wall for this boundary condition depends on 
the comparison of the time at which the ramp heating is completed with the time at which 
the boundary layer completes its growth. It is revealed that if the ramp time is longer than 
the steady state time, the thermal boundary layer reaches a quasi-steady mode in which 
the growth of the layer is governed by the thermal balance between convection and 
conduction. However, if the ramp is completed before the thermal boundary layer 
becomes steady, the subsequent growth is governed by the balance between buoyancy 
and inertia, as for the case of instantaneous heating. It is anticipated from the numerical 
results that the scaling relations are able to accurately characterize the physical behaviour 
in each stage of the flow. The present scaling analysis incorporates a detailed balance in 
the momentum equation depending on the thickness of the boundary layer that improves 
scaling predictions especially where the Pr variation effect is taken into account. The 
scaling for the time when the whole cavity filled up with hot fluid has also been 
developed. The scaling relations are formed based on the established characteristic flow 
parameters of the maximum velocity in the boundary layer (um), the time for the 
boundary layer to reach the quasi-steady mode (t0) and the thermal (δT) and viscous (δν) 
boundary layer thickness, Nusselt number (Nu) and the heating up time scale (tf). 
Through comparisons of the scaling relations with the numerical simulations, it is found 
that the scaling results agree well with the numerical simulations. 
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Table 1 
Values of Ra, Pr, A and p for 11 simulations run 
Run number Ra Pr A p 
1 10
7 
5 0.5 17.87 
2 10
7
 10 0.5 17.87 
3 10
7
 20 0.5 17.87 
4 10
7
 50 0.5 17.87 
5 10
7
 100 0.5 17.87 
6 10
6
 10 0.5 5.65 
7 5×10
6
 10 0.5 12.63 
8 5×10
7
 10 0.5 40.00 
9 10
8
 10 0.5 56.50 
10 10
7
 10 1.0 17.87 
11 10
7
 10 0.2 17.87 
 
  
Figure 1. Schematic of the computational domain and boundary conditions. 
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Figure 2. Numerically simulated temperature contours at the boundary-layer development 
stage ( < 17.87) and at the heating-up stage (  > 17.87), for Ra=107, A=0.5, Pr = 10 and 
p = 17.87; τ is made dimensionless by h
2
/ [Ra1/2]. 
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Figure 3. A schematic of the temperature and velocity profiles normal to the inclined 
wall at its mid point.     
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
Figure 4. Schematic of heating-up process for sudden heating. 
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Figure 5. Time series of the average Nusselt number calculated on the heated wall at  > 
p: (a) Plot of raw data; (b) Nusselt number versus normalized time for 11 runs. 
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Figure 6. Time series of the average Nusselt number calculated on the heated wall at  > 
p: (a) Plot of raw data; (b) Nusselt number versus normalized time for 11 runs. 
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Figure 7. Time series of temperature recorded on the midpoint of the bottom surface. (a) 
Plot of raw data; (b) Normalized temperature versus normalized time for ramp heating for 
11 runs.   
 
 
 
 
 
 
 
